It is known that the two-and three-point functions of Higgs-branch superconformal primaries in 4d N = 2 superconformal field theories obey non-renormalization theorems on N = 2 superconformal manifolds. In this paper we prove a stronger statement, that the bundles of Higgs-branch superconformal primaries over N = 2 superconformal manifolds are endowed with a flat connection, or equivalently that Higgs-branch superconformal primaries have vanishing Berry phases under N = 2 exactly marginal deformations. This statement fits well with the proposed correspondence between the rigid structures of 2d chiral algebras and the sector of Schur operators in 4d N = 2 theories. We also discuss the general interplay between non-renormalization theorems and the curvature of bundles of protected operators and provide a new simpler proof of the vanishing curvature of 1/2-BPS operators in 4d N = 4 SYM theory that does not require the use of the 4d tt * equations.
1. Introduction
Background and motivation
In this paper we focus on four-dimensional superconformal quantum field theories (SCFTs) that possess non-trivial conformal manifolds M. By definition, each point of the space M is a SCFT. One can move from one point of M to another with a continuous exactly marginal deformation. As a result, M is parametrized by the set of exactly marginal couplings that describe these deformations. The theories of interest in this paper possess exactly marginal couplings that preserve N = 2 supersymmetry (i.e. eight Poincaré supercharges).
At each point of M a SCFT comes equipped with a set of local operators, or via the operator-state correspondence, with a Hilbert space of states in radial quantization.
Globally on the conformal manifold, the vector space of operators or states defines a vector bundle with base M, which is graded by the scaling dimension and other global charges of the theory. This vector bundle is endowed with a connection ∇ that allows the proper comparison of data between the SCFTs at different values of the exactly marginal couplings.
Natural notions of connection have been discussed in conformal perturbation theory, [1, 2] . Physically, the connection is born out of the regularization of ultraviolet divergences.
The naive derivative of an n-point function with respect to an exactly marginal coupling λ µ turns into a covariant derivative on the conformal manifold after regularization of the UV divergences
O µ is the exactly marginal operator corresponding to the coupling λ µ . The connection ∇ can be used to formulate covariant statements about the coupling constant dependence of local correlation functions on the superconformal manifold M.
Alternatively, a natural connection arises in radial quantization as the PancharatnamBerry connection [3] [4] [5] on the vector bundle of Hilbert spaces. This connection, which has a specific counterpart in conformal perturbation theory [6] , will play a key rôle in the discussion of this paper. We will review the specifics of the Berry connection that we need in section 2. Because of the operator-state correspondence, we will use interchangeably the language of operators and states.
The connection that we will employ is, by construction, metric-compatible. The notion of a metric on the vector bundle of operators arises naturally from the 2-point functions of the CFT. More explicitly, the 2-point function of two conformal primary operators φ I , φ J with the same scaling dimension ∆ is
( 1.2) and metric-compatibility means ∇ µ g IJ = 0. This is a covariant derivative with respect to the exactly marginal coupling constants λ µ (not to be confused with covariant derivatives in spacetime). The scaling dimension ∆ of operators in short multiplets is, at least locally on the conformal manifold, independent of the couplings λ µ .
Three-and higher-point functions are more interesting as they capture dynamical information of the theory (and not just data related to the definition of the operators). The 3-point functions of three conformal primary operators in a CFT, say φ I , φ J , φ K , is fixed by the spacetime-independent constants C IJK
On a superconformal manifold the coefficients C IJK are in general non-trivial functions of the exactly marginal coupling constants. There are, however, special cases of protected operators whose 3-point functions are covariantly constant, namely they have the property
This property is what we usually call a non-renormalization theorem for 3-point functions.
It is useful to stress the following aspects of the covariant formulation of such theorems: A non-renormalization theorem in a protected subsector does not necessarily imply that the connection in this subsector is flat. A well-known example of a protected sector with non-vanishing curvature is the sector of 1/2-BPS chiral primary operators in 2d N = (4, 4) superconformal manifolds [7] [8] [9] . We will review some of the pertinent details of this example in subsection 2.3. Nevertheless, non-renormalization does not come without any implications to the curvature. In subsection 2.3 we argue quite generally that the existence of a non-renormalization theorem for 3-point functions implies the integrability
which can lead to non-trivial relations between the curvature and 3-point function coefficients at different scaling dimensions if the curvature is non-vanishing. A similar relation is satisfied with arbitrary covariant derivatives of the curvature. In the example of chiral primary operators in 2d N = (4, 4) superconformal manifolds the covariant derivative of the curvature vanishes, hence (1.5) is the only relation of this type that follows from (1.4).
Another well studied example of protected operators, whose 2-and 3-point functions do not renormalize, is the example of 1/2-BPS operators in 4d N = 4 SYM theory. Initial indications of non-renormalization in this case based on the AdS/CFT correspondence appeared in [10] . More concrete arguments in favor of non-renormalization were given in [11, 12] and later with more elementary methods in [9, 13] . In this case the connection on the N = 4 SYM conformal manifold is flat [14, 15] . The proof of this statement reveals interesting structures in the chiral ring of the 1/2-BPS operators and demonstrates why studies of the geometry of the bundles of operators on conformal manifolds can be useful even in cases with constrained dynamics characterized by non-renormalization theorems.
The vanishing curvature was deduced in [14, 15] by combining three elements: the tt * equations, the non-renormalization of 3-point functions, and a non-trivial identity between 2-and 3-point functions at tree-level. Let us quickly recall the main points of this argument.
Ref. [14] originally determined the curvature of 1/2-BPS chiral rings in 4d N = 2 and N = 4 theories in conformal perturbation theory and found it to be given solely in terms of the 2-and 3-point functions in the chiral ring. This result was re-derived in quantum mechanics from standard formulae of Berry curvature in [6] . The resulting expressions are known as the tt * equations (because of their resemblance to analogous equations derived in the original work on topological-antitopological fusion in 2d N = (2, 2) topologically twisted QFTs by Cecotti and Vafa [16] ). In N = 4 SYM theory that has a complex onedimensional conformal manifold M parametrized by the complexified Yang-Mills coupling
In the last equation r is the common U(1) r charge of the chiral primaries φ K , φ L and c is the central charge of the SCFT, which is a constant on M. g ττ is up to an overall constant coefficient the Zamolodchikov metric on M. The first couple of equations, (1.6a), are simply the statement that the 1/2-BPS chiral primary bundles are holomorphic. This statement is trivial by anti-symmetry in N = 4 SYM theory (but is less trivial in 4d N = 2 theories with higher-dimensional conformal manifolds). In N = 4 SYM theory even F ττ vanishes, 1 although this is not automatically evident in (1.6b). Non-renormalization can be used to derive this statement from the tt * equations in the following way.
The non-renormalization of 3-point functions in the 1/2-BPS chiral ring of N = 4 SYM theory states that
where the I, J, K indices refer to 1/2-BPS chiral primary operators. Then, acting with a covariant derivative on (1.6b) we obtain, after implementing (1.7), the equations ∇ τ F ττ = ∇τ F ττ = 0, which establish that the curvature is covariantly constant [14] . By showing that the RHS of eq. (1.6b) is zero at tree-level, [15] , one proves that the curvature of 1/2-BPS chiral primary bundles vanishes in N = 4 SYM theory.
In appendix C we will present a much faster way to show that the curvature of 1/2-BPS chiral primary bundles vanishes by using some of the special properties of N = 4 SYM theory. This alternative proof does not go though the tt * equations (1.6b), the nonrenormalization theorem, or the tree-level identities of [15] (see (1.8) below). Having said this, it is instructive to turn part of the above argument around.
Assume we know the tt * equations and that the curvature vanishes in the chiral ring.
Then, from the RHS of eq. (1.6b) we deduce the following equation that relates 2-and 3-point functions in the 1/2-BPS chiral ring of N = 4 SYM theory 8) or even more explicitly
In Ref. [15] (1.8) was proved independently at tree-level and then was argued to hold at all values of the coupling because of the non-renormalization theorem. Instead, (1.8) is deduced here from the vanishing curvature (i.e. the vanishing of the LHS of eq. (1.6b)).
Eq. (1.8) is a non-trivial identity between correlation functions. Although at the end the 2-1 In general 4d N = 2 SCFTs the holomorphic-antiholomorphic components of the curvature, F ij , of the corresponding Coulomb-branch chiral primaries are non-trivial functions of the exactly marginal couplings.
They can be determined analytically via the tt * equations using supersymmetric localization techniques [17] . and 3-point functions in (1.9) can be determined by conceptually trivial Wick contraction computations in free theory, these contractions can be combinatorially very complicated (see [18] for related discussions). 2 The identity (1.8) streamlines these computations and in some cases, e.g. in SU(2) N = 4 SYM theory, it gives the full expression of 2-and 3-point functions of chiral primaries at arbitrary scaling dimension in a few lines. In fact, as was pointed out in [19] the underlying structure behind the equations (1.8) is a Heisenberg algebra. We refer the reader to [19] for further details.
The above example demonstrates how a simple geometric statement on the curvature of a subbundle on the conformal manifold translates to non-trivial relations between correlation functions. This is one of the reasons why we want to study such geometric data more generally on superconformal manifolds, even in cases where non-renormalization properties put a tight constraint on the dynamics. Z + and m = −R, . . . , R. They are also labeled by the U(1) r charge r.
The complete list of short multiplets of the N = 2 superconformal algebra can be found in [20, 21] . The list includes the Schur operators, which obey the shortening conditions
2 One can also derive the general 2-and 3-point functions of 1/2-BPS chiral primaries in N = 4 SYM theory from suitable derivatives of the S 4 partition function using supersymmetric localization [17] .
j,j are respectively the spins of the two spacetime SU(2)s in the Lorentz group SO(4) ≃ SU(2) L × SU(2) R . Following the conventions of [21] both j,j are positive integers here.
The Schur operators are 1/2-BPS and belong to the superconformal multiplets
(j+j) (1.11) in the notation of [21] . 3 The Schur operators in B 1B1 are the Higgs-branch superconformal primaries. Their vacuum expectation value parametrizes the Higgs branch vacua of the theory, where the U(1) r is unbroken but the SU(2) R R-symmetry is spontaneously broken.
4
These operators are superconformal primaries and will play a protagonistic rôle in the computations of section 3 below. We will not consider extensively the rest of the Schur operators, which are conformal primaries but superconformal descendants. We anticipate that the arguments of section 3 can be suitably modified to include the more general Schur operators, but we will not undertake this task in the present paper.
Repeating the logic in [9] the authors of [22] argued that in a general 4d N = 2 SCFT with exactly marginal couplings (
of any triplet of Schur operators (including the Higgs-branch superconformal primaries) satisfy the non-renormalization conditions
We remind the reader that the Schur operators are in the cohomology of a certain nilpotent supercharge, which was constructed in [22] . The cohomological construction in [22] leads to a direct relation with a two-dimensional chiral algebra that can be used to compute correlation functions of the Schur operators. The non-renormalization theorem (1.12) plays a central rôle in this 2d/4d correspondence since the 2d chiral algebras are rigid structures, which are independent of the exactly marginal couplings of the corresponding 4d theories. In this context, it is of interest to know the curvature of the Schur bundles, which determines whether the C IJK are just covariantly constant or (as a stronger statement) constant in a coupling-constant-independent basis. 3 In the notation of [20] the corresponding superconformal multiplets areB R , D R(0,
) . 4 The N = 2 SCFTs also possess another 1/2-BPS sector, the sector of the Coulomb-branch chiral primaries, which was mentioned in passing in footnote 1. These are scalar superconformal primaries obeying the shortening condition ∆ = |r| 2 . They have vanishing SU (2) R charge, R = 0, and their vacuum expectation value parametrizes the vacua of the Coulomb branch of the theory.
Outline of the paper
There are two equivalent ways to evaluate curvatures on a conformal manifold. One approach, based on conformal perturbation theory (see [14] and the original references therein), is naturally formulated in the language of local operators. Another approach, which is based on the operator-state correspondence, formulates the connection on the conformal manifold as a Berry connection. In this paper, we will adopt the second approach following a prescription previously developed and successfully tested in [6] . The necessary elements of this computation are set up in section 2.
As we hinted in the introduction there can be an interesting interplay between the curvatures of protected operators/states and non-renormalization theorems. In subsection 2.3 we discuss a simple integrability condition on the curvature that follows from the nonrenormalization of 3-point functions and we exhibit how it works in the non-trivial case of 1/2-BPS operators in 2d N = (4, 4) SCFTs.
The main computation of the paper is presented in section 3. We compute the Berry A summary of conventions and useful technical details is relegated to two appendices at the end of the paper. In a third appendix, C, we present a new simpler proof of the vanishing curvature of 1/2-BPS chiral primaries that does not involve the tt * equations or the non-renormalization theorem.
Berry phases and non-renormalization theorems
In the introduction we emphasized the fact that the most appropriate way to think about CFT operators on a conformal manifold is in terms of sections of vector bundles.
Conformal perturbation theory naturally induces a connection ∇ on these vector bundles, which encodes the regularization scheme of correlation functions with insertions of spacetime-integrated exactly marginal operators.
Another route to a connection ∇ on conformal manifolds is through the operator-state correspondence. In the language of states we consider vector bundles of Hilbert spaces over M. In the quantum mechanics that arises when one places the CFT on R × S 3 one can define the Pancharatnam-Berry connection [3, 4] . This connection encodes the geometric phase that quantum states pick up under an adiabatic cyclic variation of the parameters in the conformal Hamiltonian. Ref. [6] showed that the curvature of the Berry connection associated to the variation of the exactly marginal couplings is identical to the curvature of the connection that was used in [14] in conformal perturbation theory. In the rest of the paper we will adopt the Hamiltonian approach in radial quantization and will work primarily with the corresponding Berry connection. In the next subsection we summarize the relevant notation.
Berry phases in radial quantization
Quite generally consider a quantum mechanics system with Hamiltonian H depending on a set of parameters λ µ . In this paper the quantum mechanics of interest arises from a CFT in radial quantization on R × S 
We raise and lower the Hilbert space indices a, b with the 2-point functions
A standard formula in quantum mechanics expresses the Berry curvature as an infinite sum over all intermediate states with energies different from the energy of the external states
The primary goal of this paper is to evaluate the expression (2.4) in N = 2 SCFTs with 1/2-BPS Higgs-branch superconformal primaries as external states. For Coulomb branch chiral primaries in N = 2 SCFTs and 1/2-BPS chiral primaries in N = 4 SYM theories this computation was performed in [6] . We revisit the computation of 1/2-BPS chiral primaries in N = 4 SYM theory in appendix C.
Berry phases of R-symmetry descendants
The superconformal primaries, whose Berry phase we will be computing in this paper, belong in some representation of the R-symmetry group of the theory. In N = 2 theories this group is SU(2) R × U (1) Moreover, since different superconformal primaries in an irreducible representation of the R-symmetry group are related by a global symmetry, it is expected that all the descendants of a highest weight state have the same Berry phase. As a check, we will verify this statement by explicit computation in subsection 3.3.
Implications of covariantly constant 3-point functions
Let us consider a vector bundle V of operators (or states) on a conformal manifold M.
In this subsection, the sections of this bundle are protected operators (or states) in short supermultiplets whose scaling dimension does not vary on the conformal manifold. We will use indices K, L, . . . to label the operators/states in this sector, or equivalently the different directions on the fiber of this vector bundle. As in the previous subsection 2.1 we work on a local patch of M parametrized by exactly marginal couplings λ µ .
We further assume that the bundles in question are endowed with a connection ∇, a metric g and an operation C : V ⊗ V → V. In a local coordinate system the components of g are denoted as g IJ and the components of C as C M KL . In this paper, ∇ is the Berry connection on the states that make up V, g IJ = I|J is the inner product of these states, and C M KL are OPE coefficients in the CFT. By construction ∇ is assumed to be compatible with the metric g, i.e. ∇ µ g IJ = 0. In addition, we assume
which is a non-renormalization theorem of 3-point functions in the protected subsector of interest.
From equations (2.5) alone we obtain the following integrability conditions
A more special version of this identity for K = L reads (no summation over K is assumed)
where we used
It follows trivially that an arbitrary number of covariant derivatives of F also obeys the equations (2.6).
In our context the states on V are naturally graded by an R-symmetry charge and the OPE coefficients C always relate states of different R-charges. Consequently, the components of the curvature that appear in (2.6), or (2.7), are always in subspaces of V with at least two different values of R-charge.
Without further input the integrability equations (2.6) do not have a unique solution.
The simplest solution is the trivial one
but not every theory satisfies (2.6) in this manner. As we reviewed in the introduction Another potential solution, which like (2.8) does not involve further constraints on the OPE coefficients, is
with the proviso that the constant coefficients R K are such that
when C M KL = 0. This requirement could be satisfied, for example, if R K are proportional (with a fixed proportionality constant) to an R-symmetry charge that grades the operators/states of interest additively. Notice that (2.9), being proportional to the Zamolodchikov metric on M, obeys automatically ∇ F = 0, i.e. the curvature is covariantly constant. As a result, the curvature satisfies trivially the higher-derivative versions of (2.6).
We are not aware of a CFT that realizes (2.9).
Yet another more involved type of solution occurs in the case of CFTs with homogeneous operator bundles, namely bundles of covariantly constant curvature on homogeneous conformal manifolds. It is known that the connection on homogeneous bundles is fully determined by the connection of the base space [23] . An example of this type is exhibited by 1/2-BPS chiral primary bundles in 2d N = (4, 4) superconformal manifolds. A detailed discussion of this case with explicit formulae for the curvature can be found in [8] . In that example the conformal manifold is a coset space of the form
In a vielbein basis where the coordinates of the tangent space are labeled by µ = (a, I),
with a and I indices in the vector representation of SO (4) and SO(n) respectively, the curvature of the chiral primary bundles in a representation R of SO(n) takes the form
. f is a numerical constant and Σ R IJ a matrix in the representation R. Inserting (2.12) into the integrability equation (2.7) we obtain
The LHS involves the representation R that contains the state labeled by K and the RHS involves the representation R ′ that contains the state labeled by M, which is in the tensor product of R × R. It would be interesting to study the relations (2.13) in more detail.
Curvature of Higgs-branch superconformal primary bundles
In this section we focus on four-dimensional N = 2 SCFTs. A large class of such theories with non-trivial superconformal manifolds is provided by the class-S construction in [24] . In what follows we compute the Berry phase of Higgs-branch superconformal primary bundles in general N = 2 SCFTs.
Higgs-branch superconformal primaries
The N = 2 superconformal algebra possesses eight Poincaré supercharges Q Ref. [20] , which are also summarized in appendix D.3 of [6] . For the convenience of the reader we have also collected the main definitions in appendix A. In these conventions, after a suitable similarity transformation the odd superconformal generators are denoted
The kets |I of SU(2) R highest weight Higgs-branch superconformal primary states obey the following shortening conditions
from which one can also deduce
H is the conformal Hamiltonian and R the eigenvalue of the R 3 Cartan generator of the SU(2) R . For the bras Ī | the corresponding conditions are
In this notation the 2-point functions are g IJ = J |I . We introduced a bar in the notation of the bras to remind us that the corresponding operators are lowest weight vectors in the SU(2) R representation.
Berry curvature of R-symmetry highest weight states
Our goal here is to evaluate the Berry curvature
for the Higgs-branch superconformal primary states (3.2), (3.4). The first task is to find a suitable expression for the Hamiltonian deformations parametrized by the exactly marginal couplings. In [6] the N = 2 exactly marginal deformations were expressed in the form the N = 2 Coulomb-branch chiral ring [6] . Direct computation shows, however, that when applied to the Higgs-branch sector this approach leads to expressions that are much harder to manipulate. Essentially, because of the defining properties of the Higgs-branch superconformal primary states (3.2), (3.4) we cannot achieve the complete annihilation of the external states by the supercharges S ± that appear in (3.6). As a result, the steps that allow us to move S ± around in the computation of the Berry curvature in the N = 2
Coulomb-branch chiral ring do not work as nicely in the Higgs-branch context. We need a more efficient approach.
In appendix B we explain that there is an equivalent alternative way to write δH, where two of the S − 's on the first term on the RHS of (3.6) are replaced by two Q + 's and two of the S + 's on the second term are replaced by two Q − 's. Specifically, we re-express (3.6) as
As a check of this formula we notice that both interactions on the RHS of (3.7) are U(1) r and SU(2) R neutral. Moreover, the order of the acting supercharges in each term does not matter because the Q + 's commute with the S − 's and the Q − 's commute with the S + 's.
Summary of the final result
Inserting (3.7) into the general expression (3.5), regularizing and appropriately manipulating with the use of superconformal Ward identities we finally obtain the following result
The details of the computation that leads to these formulae are presented separately in the following subsection 3.2.2. In the rest of this subsection we would like to discuss the immediate implications of (3.8a), (3.8b).
The first two equations in (3.8a) verify that the Higgs-branch superconformal primary bundles are holomorphic. Equation First, we note that there is no term on the RHS of (3.8b) proportional to the Zamolodchikov metric (i.e. a term like the last term on the RHS of (1.6b)).
Second, the 3-point functions that appear in ( for the second term. 5 The superconformal primary states in B 1L and LB 1 are 1/4-BPS mixed Higgs-Coulomb-branch states. The corresponding operators appear naturally in the OPE of Coulomb-branch and Higgs-branch primary states [25] . In parenthesis, we note that operators in the superconformal multiplets B 1L , LB 1 can also appear in the OPE of two Coulomb-branch operators [26] .
The contributions to the first term on the RHS of eq. (3.8b) involve the 3-point func-
which clearly vanish since S + 2α |k = 0, J |S + 2α = 0. |k is the state created by the Coulombbranch chiral primary operator φ k . Similarly, the second term on the RHS of (3.8b) involves the 3-point functions
which vanish because Q +1 α |l = 0, J |Q +1 α = 0. |l is the state created by the Coulombbranch antichiral primary operatorφ ℓ . We can argue the same results on R 4 using corresponding superconformal Ward identities.
The conclusion is that both terms on the RHS of eq. Hence, for Higgs-branch superconformal primaries there is (at least locally on the superconformal manifold) a coupling-constant-independent basis whether the non-renormalization theorem of 3-point functions takes the form ∂ µ C KLM = 0.
Unlike the case of the 1/2-BPS chiral primary operators in N = 4 SYM theory, there is no immediate evidence in the above result that the vanishing curvature of the Higgsbranch superconformal primaries is related to a structure of non-trivial identities between correlation functions.
We anticipate similar arguments to apply to the more general Schur operators, but we will not examine their case in detail in this paper.
Details of the computation
The details of the computation that leads to the central result (3.8a)-(3.8b) are summarized here.
Starting from the case where both indices µ, ν are holomorphic (µ = k, ν = ℓ) we first notice that it is convenient to re-express the corresponding curvature components as a limit on an auxiliary parameter x
where
(3.13)
r generators (see the appendix A for the relevant conventions as well as [20] 7 ). In particular,
(3.14)
6 A similar manipulation was extremely useful also in the computation of the Berry curvature of Coulomb branch chiral primary states in [6] . Several details of the manipulation here are different from the ones in [6] . 7R in [20] is −r/2 in our notation.
To keep the notation short from now on we set
For the next step we use the shortening conditions on the external states and the superconformal algebra relations
In these expressions we suppressed the spinor indices and defined the fermionic operator
In this manner we conclude that ( F kℓ ) IJ = 0.
A similar result holds for the complex conjugate version with µ =k, ν =l. As a result, we derive the holomorphicity conditions (3.8a)
Next, we compute the holomorphic-antiholomorphic components
where Consider each line in (3.20) . We notice that we can move ( 
For the second line a similar computation gives
Consequently, we arrive at the expression
A straightforward application of the (anti)commutation relations of the superconformal algebra gives
24c) 8 The generatorsM β α andMβ α are directly related to the Lorentz generators. We refer the reader to [20] for the appropriate conventions (see also appendix A). Moreover, we use the conventions ε 12 = −ε 12 = −1.
The overall 1 16 factors are part of the conventions. The terms that involveM 
when it is on the right
when it is on the left and (S
when it is on the right.
With this information eq. (3.23) becomes
Using the shortening conditions H 1 |I = 0, H 2 |I = 0 and the commutation relations
for ∆ = 2 Coulomb branch (anti)chiral primaries φ (φ), we find
After taking the x → 0 limit
The term denoted as '(subtracted)' is due to contributions in (3.25) that behave as 0/0 in the limit x → 0 and have to be subtracted. A short inspection of (3.25) reveals that
That leaves the remaining, contact terms on the RHS of (3.29) that can be evaluated as follows.
The contact term in (3.29) involves the insertions of two operators integrated on S 3 at the same time τ = 0. When the operators collide they exhibit UV divergences. These can be regularized with a small relative displacement in time that we have to send to zero at the end of the computation. Following [6] we set (R kl ) IJ ≡ 1 (2π) 4 lim
which is equal to
It is worth comparing this expression with the properly normalized contact term (7.26) in [6] 
that expresses the contact term in the curvature of the Coulomb-branch chiral primaries.
Transforming back to the plane with the change of coordinates r ≡ |x| = e τ 1 , ρ ≡ |y| = e τ 2 , ϕ(τ 1 ) = r 2 ϕ(x), etc., and using the conformal block expansion
we obtain
Immediately we notice that
For odd ℓ we have
Using the known properties of the conformal partial waves g ∆,ℓ (u, v), [27] , we can check that there are no values of ∆, ℓ for which we get a contribution to (3.35). For odd ℓ ≥ 3 X ∆,ℓ vanishes in the limit r → 1. A potential contribution could arise from ∆ = 3, ℓ = 1, namely the conformal block of the R-symmetry currents J . In the case at hand, however, the external Higgs-branch superconformal primary states have vanishing U(1) R charge and the Coulomb-branch chiral primaries φ k have vanishing SU(2) R charge, hence even this case cannot contribute.
In summary, we deduce that the contact term (R kl ) IJ is identically zero. Combining this result with (3.30) we recover the advertised formula (3.8b).
R-symmetry descendants
As a minor check of the formalism, in this subsection we compute the Berry curvature for Higgs-branch superconformal primary states in irreducible representations of SU(2) R that are descendants of a highest weight state. Assuming that the Berry phase of the R-symmetry generators vanishes, we should find that all descendants have the same Berry curvature as the highest weight states.
Let |I be a highest weight state in a spin R representation of SU(2) R . R is a positive half-integer. The SU(2) R generators are R ± , R 3 . We denote the descendants as
where N m is a real normalization constant that we fix in a moment. m = 0 is the case of a highest weight state that was considered previously. It is excluded in this subsection. For the bras we set
and fix the normalization factor by setting
which guarantees that Ī , m|I, m = Ī |I . As an example, we note that a straightforward use of the SU(2) commutation relations gives
We argued in section 2.2 that only states with the same m can mix. Consequently, we can focus on the following quantities
Repeating previous steps we first compute the auxiliary quantity
whose x → 0 limit recovers (F µν ) IJ in (3.42). Using the commutation relations
we can easily show that
which coincides with the expression for m = 0.
Alternatively, we could try to compute (3.42) from scratch using the logic of the previous subsections. This approach is more involved.
Open problems
For the reasons outlined in the introduction, it is of interest to explore more generally how the curvature of protected operator bundles behaves. As we emphasized, when nonrenormalization theorems exist, they constrain the dynamics of the corresponding sectors, In section 3 we considered the curvature of Higgs-branch superconformal primary bundles in 4d N = 2 theories. In this example we found that the curvature vanishes identically.
We anticipate that the computation of section 3 extends to the case of arbitrary Schur operators and that the curvature of these operators vanishes as well. It would be useful to spell out the details.
Another, seemingly more involved, example that would be interesting to study is the 1/4-BPS sector in N = 4 SYM theory. For a concise list of the short multiplets in N = 4 SYM theory we refer the reader to [20] , or the more recent [21] . It has been argued that the 2-and 3-point functions of any combination of the above operators do not renormalize. We reviewed the 1/2-BPS operators in the introduction.
The 1/4-BPS operators are more subtle [28] . The non-renormalization of 2-and 3-point functions of 1/4-BPS operators was shown using analytic superspace arguments in [12] . A more elementary argument for the special case of 3-point functions with one 1/4-BPS and two 1/2-BPS insertions was presented in [9] . for Theoretical Physics for the hospitality and the INFN for partial support during the completion of this work.
Appendix A. Useful definitions
In this paper we follow closely the conventions of [20] . For the convenience of the reader we collect some of the main definitions in this appendix.
In the context of radial quantization it is convenient to transform the operators O by a similarity transformation
where P 0 and K 0 are respectively the time components of the linear momentum and the generator of special conformal transformations. The conformal Hamiltonian H arises from the dilatation operator D as
On the plane R 4 the N = 2 superconformal algebra possesses the Poincaré supercharges The calligraphic superconformal generators that we use in section 3 are defined as [20, 29] 
They obey the (anti)commutation relations
and have Hermiticity properties
We have adopted the convention σ 0 =σ 0 = 1. Furthermore, the rotation generatorsM 
The N = 2 U(2) R -symmetry generators are
where R ± , R 3 are SU(2) R generators and r is the U(1) r generator. To simplify the notation, in the main text we frequently use R to denote R 3 or its eigenvalue.
For further details we refer the reader to [20] .
Appendix B. Hamiltonian deformations
In this appendix we collect useful details about the form of the supersymmetric Hamiltonian deformations that are considered in the main text in sections 3 and 4. In particular,
we discuss the reasons behind the free exchange of Q + with S − and Q − with S + in the Hamiltonian deformation. This exchange was employed successfully in [6] to obtain the Conserved currents can be obtained by multiplying with a conformal Killing spinor
The corresponding conserved supercharges are d 3 x j i0 . On R 4 the general Killing spinor is
where λ α is an arbitrary constant (1/2, 0) spinor, µα is an arbitrary constant (0, 1/2) spinor and as usual xα α = x µ σα α µ . Hence, in flat space we have the supercharges
To determine the action of a supercharge on a conformal primary operator ϕ we use the OPE
We are using notation where [Q, ϕ](y) means that we first compute the commutator 2) a short computation shows that
The lim denotes a limit where the x-integral is taken close to the y insertion. From here on we will use the notation
Consider the following special cases of (B.5):
• At y = 0
• At general y = 0
• For a superconformal primary S iα , ϕ (y) = 0, hence Employing (B.12) we get
14)
The last equality defines the action of the supercharge S −iα on ϕ(y), and gives the precise meaning of the expressions that we write in the main text when we express the Hamiltonian deformations (in the main text we dropped the tildes). This definition has all the properties we assumed in the main text: it acts on the external states as the 'rotated' S −iα and satisfies the superconformal algebra relations listed in section 3 of [20] .
As a consequence of (B.14) we get
(B.15)
To get the last equality we used
At the last step we used |y| = 1. The identity (B.15) is the reason why we exchanged Q + s with S − s in the main text (as well as Q − with S + from analogous statements).
Finally, we point out that for a superconformal primary ϕ with the extra property Q iα , ϕ(y) = 0 we have
The transformation of these properties to the cylinder gives
These properties are also useful in the main text.
Appendix C. Note on 1/2-BPS operators in N = 4 SYM theory
Ref. [15] showed that the curvature of 1/2-BPS chiral primary bundles in N = 4 SYM theory vanishes. As we reviewed in the introduction, the proof of [15] requires the use of the 4d tt * equations, the non-renormalization of 3-point functions of 1/2-BPS operators and an independent proof of the tree-level identities (1.8) (see appendix C in [15] for this proof). In this appendix we present an alternative simpler proof of the vanishing curvature in the 1/2-BPS sector that does not use the above ingredients and relies only on special properties of the N = 4 SYM theory.
In N = 4 SYM theory there is a single complex exactly marginal coupling, the com-
. On R 4 the corresponding exactly marginal interaction involves the operator 
In N = 4 SYM theory we can recast the above expressions for O τ and Oτ as
We will now use this special property to prove that the curvature of 1/2-BPS operators vanishes.
First, let us consider the proof in the language of operators and conformal perturbation theory. In that context the expression for the curvature is [14] (F ττ ) KL = 1 (2π) 4 Theφ L are complex-conjugate lowest weight superconformal primaries, which obey the complex-conjugate versions of (C.6), (C.7). In expression (C.5) we include implicitly a regularization prescription [2] that excises small balls of radius ε around the insertions φ K , φ L . At the end of the computation we are instructed to take the limit ε → 0 and discard the divergent pieces. We will argue that the expression (C.5) for F ττ vanishes at finite ε,
hence it also vanishes after we take the limit.
Using the freedom to express O τ , Oτ in any of the possible ways in (C.1)-(C.4) we
We observe the following facts about the first term on the RHS of this equation. SinceQ 3 andQ 4 annihilate φ K , (C.7), we can use a superconformal Ward identity to move all thē Q 3 andQ 4 from the y-insertion to the x-insertion. As reviewed in [14] theφ L at infinity is hidden and there is no contribution from theQ 3 andQ 4 acting on it. Moreover, thē Q 3 andQ 4 commute with the Q 1 and Q 2 supercharges already present in the x-insertion.
Similarly, we can next move the Q 1 and Q 2 supercharges from the x-insertion to the yinsertion. As a result we find that the first term and the second term on the RHS of eq.
(C.8) are equal and cancel out. This proves that F ττ in (C.5) vanishes identically.
It is interesting to note that it is not possible to carry out the same manipulation in the case of 1/4-BPS states in order to prove that the corresponding curvature vanishes.
Instead of (C.6), (C. 19) [Q +i , S we can move on the first term of the RHS of (C.11) the S + 4 , S + 3 supercharges from the τ 2 to the τ 1 insertion and the Q +1 , Q +2 supercharges from the τ 1 insertion to the τ 2 insertion. That shows that the first term on the RHS of (C.11) equals the second term and therefore we recover (much in the same way as in the operator formalism) that the curvature vanishes.
As a check of the statements in appendix B we note that we can also obtain this result by writing 
